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Fig 1 Yaw angle as a function of time, comparing the
approximate solution with a numerical solution of the

differential equation

Defining a nondimensional time

r = I + t/T*
reduces the equation to

<p" + 2KTb<p' + #i270
2nVV = 0 (5)

where the prime denotes differentiation with respect to r
By letting

the first derivative in Eq (5) is removed, giving

For the size of rocket studied, a representative value of
(K/KiVo)2 is (3/Fo)2, where F0 is the initial velocity in feet
per second Since the smallest value of r is one, the factor
(3/F0)2 may be neglected if the rocket has an appreciable
initial velocity In the numerical computation, the rocket
was given an initial velocity of 600 mph; and hence the
factor (3/F0)2 is neglected In this case, Eq (6) becomes

6" + = 0 (7)

The solution to Eq (7) is given in terms of Bessel Functions :

GKMTtT*) +

where the constants C and D are determined from the initial
conditions The solution for yaw is, therefore,

p(0 = r^-^C/i/^iFonr2) +
Z>ri/4(|£i70!ZV2)] (8)

Assuming an initial velocity such that KiVQTbr2 > 10, the
argument of the Bessel Functions becomes large enough to
allow approximation by trigonometric functions For the
rockets studied, the factor KiVoT^r2 ranged from 10-40 for an
initial velocity of 600 mph In this case,

- A) (9)
where d and A are determined from the initial conditions
Equation (9) exhibits, in closed form, the property that the
amplitude of the oscillation decreases as the factor r~1/2

e~KTbT, and that the frequency increases proportionally to
the nondimensional time

In Fig 1 the approximation given by Eq (9) is compaied
to a numerical solution of the original equation for yaw [Eq
(3)] demonstrating that Eq (9) is a satisfactory approxima-
tion for the case studied
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Magnetohydrodynamic Hypersonic
Viscous Flow Past a Blunt Body

MYRON C SMITH*
The Rand Corporation, Santa Monica, Calif

AND
CHING-SHENG Wuf

Jet Propulsion Laboratory,
California Institute of Technology, Pasadena, Calif

In this paper the equations governing the hyper-
sonic flow about a magnetized body are solved nu-
meiically The solutions obtained illustrate the
effects of Reynolds number and magnetic param-
eter on the structure of the applied magnetic field
The results show that, for magnetic parameters
larger than a critical value, numerical solutions do
not exist A critical magnetic parameter is con-
sidered to result from an assumption of a given
magnetic field at the shock By increasing the
conductivity, and thereby the induced magnetic
field, the applied field at the shock disappears
This, in turn, violates the basic assumption of a
finite field at the shock It is concluded that the
applied magnetic field can only be defined at the
body where it is a natural chai acteristic of the
problem

Introduction

THE mathematical complexity of the problem of hypersonic
flow about a magnetized body is great even if the investi-

gation is restricted to the local similarity solutions For
computational simplification, Bush and Wu investigated the
problem by considering the given magnetic field strength
at the shock wave 1 2 Bush found that numerical integra-
tion becomes impossible for the inviscid case when the value
of the magnetic parameter exceeds a certain critical value
This paper extends Wu's study of the viscous case2 to a much
wider range of the parameters by using digital computer
techniques Computational difficulties similar to those
found by Bush were encountered This paper will report
some results and at the same time provide a physical inter-
pretation for the nonexistence of numerical solutions for mag-
netic parameters higher than the critical value, which de-
pends upon the value of the viscous Reynolds number

Local-Similarity Solution

The assumptions used here are those used in Ref 2 The
vehicle is assumed to be moving at a speed (Mach >15)
sufficient to cause a significant amount of shock ionization
of the gas behind the detached shock wave In addition,
the fluid is assumed to be incompressible, viscous, and in
steady state The applicable equations are as follows:

V v = 0

V X [(V X v) X v - W47rp)(V X H) X H] = W*V X v

V H = 0
V X [V X H - 47ro7*eV X H] = 0
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Fig 1 Standoff distance vs magnetic paiameter

where

a- =
H =
v =
V2 =
v =
p =

magnetic permeability
electrical conductivity
magnetic field intensity
kinematic viscosity
Laplacian operator
velocity vector
density

The spherical body is assumed to contain a dipole mag-
netic field axisymmetric with the flow field The postulated
similarity solutions associated with the stagnation-point
flow have the following functional form :

cos0

H = Ho[2g(r,)/ri*] costf
H9 = ~H0[(l/r))(dg/drj)]smd

(2)

where the angle 6 is measured from the axis of symmetry,
vm and HQ are the freestream velocity and reference dipole
magnetic field, respectively, and 77 = r/r (rs = shock radius)

From Eqs (1) and (2), using a right-handed spherical
coordinate frame with sin0 ~ | sin20

,J dr, Li2 'IT1.arj [_rj2

—— [(- — ffl _ 2
2Re |_\?7 dry dry 77

and the induction equation becomes

_ - op
~ ™

/
dr, f

(3)

(4)

where

Mp = IJL HQ
2/4Trpwvm

2 = magnetic pressure number

Rm = 47TO-/Z vmrs = magnetic Reynolds number

Qm = MpRm = magnetic parameter

Re = Vvjrjv = Reynolds number

Boundary Conditions at the Shock

Equations (3) and (4) are solved satisfying boundary condi-
tions at the surface of the body as well as directly behind the
shock wave The conditions at the shock are based on the
continuity of flow and the magnetic field The former gives

/(I) = _(€/2) (dj/dii) IM= -1 (5)

and the latter gives

= 1 (6)

where e = pm/p, the ratio of density across the shock The
other boundary condition at the shock is based on the vor-
ticity jump, i e ,

(7)

The magnetic field was specified on the shock [Eq (6) ] rather
than at the body surface to simplify the mathematical
solution

Boundaiy Conditions at the Body

The flow is governed at the body by the condition of non-
slip and zero radial velocity

= 0 (df/dri)r}=r}b = 0 (8)

where rjb = rb 'r , and rb is the radius of the body

Computation Procedure

A quasi-linearization technique was used in the solution
of the two-point boundary value problem The solution
consisted of solving ordinary differential Eqs (3) and (4),
satisfying, simultaneously, five conditions on the shock and
two conditions on the body Since the shock standoff dis-
tance is also unknown, a transformation to independent
variable t

n = KW?) - i]t (9)

gives the integration range 0 < t < 1, where the standoff dis-
tance f ( = 7]b/7j — 1) is an unknown The differential equa-
tion

d£/dt = 0 (10)

is added to Eqs (3) and (4) Equations (3, 4, and 9) re-
duce to a set of seven first-order ordinary differential equa-
tions and seven boundary conditions The initial value of
f is determined by the boundary conditions The quasi-
linearization solution scheme is described in Ref 3
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Fig 2 Magnetic field at the body vs magnetic pai ametei
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Fig 3 Magnetic field lines for a) small conductivity and b)
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Discussion of Results

A plot of the standoff distances and Qm in Fig 1 indicates
that, when the value of Qm exceeds 0 20 (for Re 1000, Rm =
1 0), the quantity (r — rb)/rb increases drastically, so that

d/dQm[(r — rb)/rb]-^ oo

Because of this phenomenon, the numerical solution for the
case Qm greater than the critical value mentioned previously
becomes impossible Similar difficulty was also observed
by Bush 1 The meaning of the critical Qm was first pointed
out by Bush4 in a note published after Ref 1 He has shown
that, if we accept the result of infinitely large shock standoff
distance, the finite value of critical Qm implies an infinitely
strong magnetic field at the body This can be seen from the
plot given in Fig 2 where the magnetic field components at
the body are plotted as a function of the magnetic parameter

To assume that the magnetic field is given at the shock does
give considerable mathematical simplification, but evidently
for high conductivity the solution obtained by using this
boundary condition no longer represents the physical prob-
lem This fact can be realized by considering the weakly
conducting case (a- -> 0) and the infinitely conducting case
(o- -> oo) The magnetic field lines for these cases are shown
in Figs 3a and 3b In the case (<r -> 0), the applied dipole
field is essentially not distorted (Fig 3a) However, where
(cr —> oo) the distortion of the field lines becomes so large that
the field strength at the shock wave vanishes (Fig 3b) This
situation violates the basic assumption of a field H0 at the
shock

Another flaw of the present method is that since r and
HQ, at the shock, are not natural characteristic quantities of
the problem, a plot of these quantities vs Qm) Rm, and Re is
not quite meaningful An improved method of approach is
underway and will be reported later
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Determination of Cratering Energy
Densities for Metal Targets by Means

of Reflectivity Measurements
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A^Y attempt to estimate the lifetime of satellites or
satellite components exposed to the high-speed meteoroid

environment in the vicinity of the earth requires informa-
tion in two areas First, knowledge is required of the
damage to a structure surface resulting from an encounter
with a single meteoroid (if not the understanding of all the
complex phenomena that occur during such an impact)
Then, reliable information is required regarding the number
of encounters with meteoroids of different size, speed,
and composition which can be expected to occur in a
given time in orbit Unfortunately, for the satellite lifetime
estimates, information in both these areas is either unsatis-
factory or lacking The work reported herein was under-
taken to determine the damage to surface optical properties
due to exposure to impact with high-speed micron-size par-
ticles and thus to contribute some information in the first area
previously mentioned

Polished aluminum surfaces were bombarded by clouds
of high-speed SiC particles having an average diameter of
6 IJL The number, size, and velocity of the particles was
either known or measured, and with the total kinetic energy
of the cloud characterizing the exposure, changes in reflectiv-
ity of the exposed surfaces were measured with an infrared
spectrometer A good correlation of the measured reflectiv-
ity, before and after exposure, was obtained with the equa-
tion1

Pf =
where

pf = average final reflectivity of area A0 after exposure
tO €

Pi = average initial reflectivity of area AQ, (0 97 for
polished Al)

pra = average reflectivity after infinite exposure, (0 15 for
target assumed coated with projectile material)

KI = empirical constant, 0 229/joule falling on AQ
N

m,iViz, total kinetic energy of particle cloud

falling on area AQ, joules

In the development of this equation, it becomes clear that
the constant KI is the percentage of fresh area damaged per
unit impact energy With the assumption that hemispherical
shaped craters are formed OD impact,2 KI is related to Ec ,
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